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Abstract

This study investigated the spatial-temporal dynamics of a predator-prey system incorporating prey
refuge, intraspecific competition, harvesting, and diffusion. Spatial pattern formation in a predator-prey
system governed by a reaction-diffusion framework was also considered. By incorporating spatial
movement through diffusion, the non-spatial model by Mapunda and Sagamiko was extended into a
partial differential equation (PDE) framework, enabling the analysis of self-organized spatial patterns
such as spots and stripes that arose due to Turing instability. The coexistence equilibrium was analyzed
for stability, and numerical simulations were performed using the Implicit-Explicit (IMEX) Euler method
for time integration with the finite difference method employed for discretization of the Laplacian
operator under Neumann boundary conditions (zero-flux), assuming no population flux across the
boundary. The impact of key ecological parameters, particularly the refuge rate m and diffusion
coefficients 7} and 22, on population distribution and pattern evolution was systematically explored.
Simulation results revealed that increasing diffusion coefficients enhanced well-defined spatial
aggregation of predators and prey while decreasing the refuge level intensified predation pressure and
accelerated pattern formation. Specifically, when D, > D; (predators diffused faster than prey), the
homogeneous coexistence equilibrium destabilized, leading to Turing-type patterns including isolated
hotspots and periodic bands. At higher refuge levels such as n1= 0.9 combined with elevated predator
diffusion ((D»=0.9) the system exhibited stable and matured spot patterns, indicating a balance
between protection and mobility. These findings highlight the critical role of species mobility and
protective mechanisms in shaping ecosystem structure and offered important insights for conservation
strategies and the sustainable management of harvested populations in spatially heterogeneous
environments.
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Introduction

Predator-prey interactions are fundamental to
ecological systems, influencing population dynamics,
biodiversity and ecosystem stability (Berryman, 2000).
Understanding these relationships is important for
developing strategies to manage and conserve natural
resources, particularly when accounting for factors
such as prey refuge, harvesting, intraspecific
competition and diffusion (Kar, 2005). Incorporating
spatiotemporal dynamics into these models allows for
a more accurate representation of population
distributions and ecosystem stability (Cosner, 2004).
While traditional models focus on direct interactions,
recent spatiotemporal models incorporate additional
mechanisms to better reflect real-world ecosystems
(Sharmila et al., 2023).

Intraspecific competition occurs when individuals of
the same species compete for limited resources,
regulating population densities and preventing
abrupt fluctuations (Das et al., 2013).

Prey refuge provides safe zones that reduce predation
risk, serving as a stabilizing mechanism that allows
for long-term coexistence and prevents prey
extinction (Kar, 2005, Majeed, 2018). In spatial
frameworks, refuge distribution  influences
aggregation and diffusion patterns (Kumar, 2006; Han,
2021).

Harvesting, through human activities like hunting or
fishing, impacts ecological balance in which
sustainable techniques support stable levels while
excessive harvesting can lead to collapse (Mapunda et
al., 2018; Quan et al., 2023).

Diffusion represents individual movement within
spatially structured environments. Studies
demonstrate that differential diffusion rates play a
critical role in shaping spatial patterns, where weak
diffusion promotes heterogeneity and coexistence,
while strong diffusion can homogenize populations
(Mohd et al., 2012; Liu et al., 2019).

Although existing research has investigated these
components individually or in pairs, few studies
integrate all four mechanisms into a unified spatial
framework. For instance, Sharmila et al. (2023)
analyzed reaction-diffusion dynamics using weak
nonlinear analysis, highlighting diffusion's influence,
while Han et al. (2021) explored refuge and diffusion
effects on stability. However, these studies often omit
the combined impact of harvesting and intraspecific
competition within a spatial context. This study
addresses this gap by extending the non-spatial
model of Mapunda and Sagamiko (2021) which
considered refuge, competition, and harvesting into a

reaction-diffusion system. By integrating prey refuge,
intraspecific competition, harvesting, and diffusion
into a single spatiotemporal model. This work
provides a deeper understanding of how these factors
interact to drive pattern formation and ecosystem
resilience. This integrated approach offers improved
insights for ecological management and conservation
strategies in spatially heterogeneous environments.

Materials and Methods

Model formulation

This  study formulated and analyzed a
spatial-temporal predator-prey model extending the
non-spatial system originally described by Mapunda
and Sagamiko (2021). The extended model
incorporated prey refuge (m), intraspecific predator
competition (1), harvesting (h) and diffusion
coefficient (Dq,Dz). The model was subsequently
non-dimensionalized to yield a dimensionless system
governed by key parameters, including normalized
harvesting refuge(m), competition coefficient (a3), and
diffusion coefficients. Theoretical analysis established
solution boundedness, identified three biologically
meaningful equilibria, and derived conditions for
coexistence. Linear stability analysis revealed that the
coexistence equilibrium ( £, ) was locally
asymptotically stable in the absence of diffusion but
became susceptible to Turing instability when
D, > D;.

The simulations were conducted on a
two-dimensional domain

[0, Z,]x[0, Z,] = [0,100]%[0,100] 1)
with  homogeneous = Neumann
boundary conditions:

(zero-flux)

ad d
d=0,Z£ =0, on Q
dv ov

)
which model a closed ecosystem where
individuals can not enter or leave, ensuring
ecological realism for isolated habitats such as
reserves. Spatial discretization was performed
using the five-point finite difference stencil. A
uniform grid of size Ny XN, = 128x128 yielded
spatial steps Ax = Ay ~ 0.787, providing sufficient
resolution to capture fine-scale patterns like spots
and stripes while remaining computationally
feasible. Initial conditions were set near the
coexistence equilibrium Ex(q*, z*), with small
random perturbations of amplitude &=0.1
added to both prey and predator densities. This
broke spatial symmetry and triggered pattern
formation for the system susceptible to Turing
instability.

All simulations were implemented in MATLAB



R2024a. Therefore, the current model extended
this ODEs below.

dq q
P 1(](1-7() -p1(1-m)gzhg
dz

= = Po(-m) gz puz az

Table 1

List of parameters used in the model and their implications

Where q and z represent prey and predator densities
respectively while all other parameters are defined in
the table below.

(3)

Parameter Description

7 Intrinsic growth rate of the prey population.

K Carrying capacity of the prey environment.

Jét Predation rate coefficient (effect of predator on prey).

Jii; Conversion efficiency of prey into predator biomass.

m Proportion of prey protected in the refuge.

h Harvesting rate of the prey.

u Mortality rate of the predator.

a Intraspecific competition coefficient among predators.

Dy Diffusion coefficient of the prey.(measures how fast prey move)
D: Diffusion coefficient of the predator.(measures how fast predator move

From equation (1), the term rq (1 - %) represents the

logistic growth of the prey population. The expression
—=p1(1 — m)gz represents predation term which
reduces the prey population over time because
predators consume them while — /3 is the predation
rate which describes how efficiently predators
consume prey.Parameter m indicates the fraction of
prey that is safe from predation. Therefore, (1 — m)
represents the fraction of exposed prey that are
vulnerable to predation.

Where:

i. If m = 0 means no refuge (prey is fully
exposed to predation).

ii. If m =1 means there is full refuge (prey is
completely protected, no predation occurs).

iii. If 0 < m < 1 means there is partial refuge
such that some prey are protected, but
others are still vulnerable.

Therefore, the term f)(1 — m)gz with negative (-)

sign represents removal of prey due to predation. The
term gz represents predator-prey interactions which
defines how often predators and prey encounter each
other. The term —hg represents harvesting term in
which h represents the rate at which prey are removed
from the system due to harvesting by either human
fishing, hunting or resource extraction.

On the other hand the term f5,(1-m)gz represents
the rate at which predators increase due to predation
on the available (non-refuged) prey.

The term f5, represents efficiency of converting
consumed prey into predator births while -—pz
represents natural mortality term. In this term, x is a
positive constant that denotes the per capita natural
mortality rate of the predators. The term —pz means
that predators are dying at a rate proportional to their
current population. Predator deaths may happen due
to natural causes such as aging, disease or
starvation.The term -az’> represents intraspecific
competition among predators while a is a positive
constant that quantifies the strength of intraspecific



competition.

To address the gap in the existing model, the current
study aims to extend model (3) by incorporating
spatial components to the model equations, which
changes the model equations (3) to Partial Differential
equations (PDEs). This extension aims to allow
analysis of how spatiotemporal factors such as
diffusion, prey refuge, intraspecific competition and
harvesting influence population distributions in the
system.

The model formulated is partial differential equations
(PDEs) that accounts for both temporal (time) aspect
and spatial (space) dispersal of the populations.

a 0z
The diffusion terms D qu where qu—i-l'%
and D,V?z where VZZ——-l-d—Z account for space

(x,y) in 2 dimensions, are added to prey and predator
equations in model (3), respectively to capture the
spatial-temporal dynamics and the current model
becomes a PDE model as shown below;

0
Yo
oz

av

Where: dg=0¢q(x, y;, f) and 0z=0z(x, , 1)
represent prey and predator densities at location
(x, y) attime t, respectively.

In the 2-D context, the notation X€Q, t>0
means X=(x,y) is the position vector that lies
within the spatial domain Q€R?. Also, time (t >
0) is positive, the model describes the system’s
evolution after the initial time (usually ¢ = 0).

. dg(X dq(X
The expression % q((?vt)_ 0 is called

the Neumann boundary condition, which
biologically means no flux (in or out) of the
quantities g(X,f) and z(X,f) across the
boundary éQ. The conditions g(X,0) = go(X) = 0,
z(X,0) = zo(X) = 0, XeEQ indicate that at the
beginning of the process, the prey and predator
populations are distributed across the habitat Q
with non-negative densities.

Boundedness of the solution

Population densities of living individuals cannot
be negative or infinite in the real ecosystem. To
show that q(X, t) and z(X, t) stay positive and
finite for all time to ensure that the model
respects biological constraints, the following
lemma holds.

Lemma 1.1. All solutions of the given system (4) are

1-m)qz- h%redat z,
= ﬁz 1-m)qz-pz-az +LS?‘5£zl,Cle§EQ,t >0
aq(x )] 8z(X f)

non-negative and bounded in
R%.={(g,2):9> 0,z >0}

Proof. Considering the equations of model (4) as

given here below;

dq 9

FrimiL (1-2 ) 8,1 -m)qz-hq+D, Vg,
dz
ot

To prove for boundedness
in R%, (P,V*gand D,V?z) are excluded and the
model becomes an ODEs system;

dl
F=rq(1-2) -4 (1-mgz-hg,

= p,(1-m)qz-pz-az*+D.V?z.

W (5)
E:ﬁz(l—m)qz—pz—azz.
Required to prove that g(f) and 2z(#) remain
non-negative and uniformly bounded for all
t=0.
Let P(g 2) be the function that combines g
and z such that;

Agz) = q+ﬁz. ()
lﬁr& P(qxzédsflt}(])e total population of prey g and

ile f1 and p. are interaction

(4)
Now, dlfferentlatmg (6) using chain rule with

= (hespeeftd hite gives:
L 9(X0)= qﬂ(X)>0 Z(XO = 20@K)2ty | MewR

dt dt ,62 dt @

Then, substituting % and% from (5) into (7)

respectively gives;

= [rq (‘l - %) -ﬁl (1 -m)qz-hq] +§—: . [ﬁz (1-m) qz-yz-azz] W)

Upon simplifying  equation (*), f, in the

second term cancels out and hence yields:

dpr q
TR (1_E) -p,(A-m)qz-hg+p, (1-

The terms £ (1—m)gz and -f,(1-m)gz in (8) cancel
out which yields:

E =rg (1 - %) -hg- g—: [szrazz]

Simplifying the term rg (1— ;q(/. gives:

dr _i Rt

= =19-—-—hg a [pz+az*]
dP B .
E—(F—h)q—T—E[HZ‘Fﬂ’Zl] (9

Choosing an arbitrary constant, say ¥ to modify
the total population £ such that v#. Then, upon
adding v/ to (9) both sides, results in;



%)JrVP:(rfh)qf%f—[szrazz] (10) %f-l—ngM (14)
Since; Upon integrating (14) using the integrating
P=g+iz (11) factor /=e"” and multiplying it by /=e"
& throughout, yields;
Substituting (11) into (10) in the R.H.S only evfﬂo +etuP< MeVt (15)
yields ;
L H.S becomes a derivative of e"*P, then;
1P g vt
LT +oP =(r-h)g- [;tz+azz]+@' Ey Me(**) (16)

upon simplifying equation (**) gives;

dpP
— +pP

P =(r-h) 1 tz+azj“4f
t 1- K B, [ ) givels

simplifying by collecting like terms together
equation (***) gives;

B P (r—h+ V) g— "L — B (a2 4+ (u—) 4], (12)
dr K B
R.H.S becomes quadratic in q such that
(r—h+V)q—% and quadratic in z such that

- ﬁ—; [az+(u—v)Z].

for maximum value of

Applying

(r—h+v)g— — and — [crzz+(;1— 1) z] yields;

)2
Max (r h+1/) i ]—w (****)
and
- 2
Max _-ﬁl (azz+(y-v)z)] —ﬁlli(g;;) . (rrrrx)

Therefore, by combining (#+#+*) and (#**+*)

the maximum value of R.H.S becomes;
B Kir=h+v)*  fi(u=v)
Max | (r— h+u)q———!?( a7 +(u—v) )]= T 1ap,

By substituting R.H.S expression of (###++)
into equation (12), yields;

(kxxnnsx)

upon ﬁltegratmg (16) both sides taking the
limits from O to ¢, gives

J{E (e”P(s))ds<ere"5ds (17)

nﬁit@gratu(rg*})oth sides and taking the limits,

" AH<A0)+ (e -1). (18)

Now, rearranging (18) gives
P A0)<" ("~ 1).

Dividing (19) by " both sides gives

M
AO<AO)e " +— (1-e™"

As t— o, the exponential term Y- 0, so:

P(H) < P(0).0+2(1-0) (21)
Then; P()< =
Therefore, P(t)< ﬁv becomes Fg, z) < i:

which is bounded below by 0 and above by ﬁu

such that 0 < (g, z)sij
This shows both g and z are

non-negative  and  uniformly
bounded such that;
0<g<? and 0<z<2.

Hence, this completes the proof.

Existence of equilibrium points

To determine the equilibrium points of the model

equations (4) diffusion parts are temporarily

excluded from the model equations, which
B, (mpljés the diffusion parts become zero.

dpP K(r—h+)?
— <
dtJr vP< 4r
Let,
_ K(r=ht+p)? N W?
B 4r dap,
Then, (13)

becomes;

\%}%en -diffusiofl %)L\rts are excluded, the model
equations reduce to the following system of
ordinary differential equations (ODEs):

d
2 —rq(lf%() ~f(1-m)gz-hq

Fr: B (1—m) gz—piz— az?,

(22)



To find the equilibrium points of the model
% and £
dt dt
are set to zero and solve the resulting algebraic

system:
0=rg(1-%) ~AQ-mgz-hq
0 = B (1—m) gz— uz—az*

equations (22), the time derivatives

(23)

Physically, the equilibrium points represent
constant population densities where neither the
prey (g) nor the predator (2) changes over time.
Now, assuming a trial equilibrium point
(7,77), where the time derivatives of both prey

and predator populations  are  zero:
4=0, “=0
e ode X
(.4
rq (1- E) '181
ﬁ 2(1_m)qkz*
The system (24) above gives the trivial

equilibrium point Eg = (0,0), which means both
species extinct (disappear). This can happen due
to over-harvesting or disease and the ecosystem
can completely collapse.
Upon substituting z* (zero predator) into the
prey equation, it gives g*:

0=rg (1—%) —hg'.
Here, either g'=0 or g =K| (1_%)

Considering g =K (1— %) , the prey-only

equilibrium becomes:

E= (K(1—§() ,o), r>h which if
harvesting does not exceed the prey's intrinsic
growth rate. This means prey survive in the
absence of predators.

For coexistence Equilibrium (g >0, z > 0).
Consider the model equations below,

(-

exists

B (1—m)q
Solving for z from
B (1—m) q*z*fuz*fa(z*f:O. it gives,
7= P=mg —p (26)
Substituting (26) into

rq ﬂf%)fﬁl(lfm) gz -hg=0 gives

T BA=m

®

q:

Upon simplifying g gives;

Ka(r—h)+uKp, (1—m)
ra+Kp, B (1—m)?

Then substitute (27) into (26), z becomes;

*

(27)

*

/o fa1=m)

a

Y]
o

. (f(a{r—h)-%—l(ﬁﬂl—m);r) _
ra+Kpy B2 (1—m)?
Upon simplifying z, yields ;
o 1 [Kap (1= m)(r—h) + KBy B (1= ) p — ure— ks By (1~ m)?
Z_c_r[ ra+ Kpy o (1—m)?

Notice that the terms involving Kf, £ (1—m)*u
cancel out, and after further simplification, finally
~ Kpp(1—m)(r—=h)—u
T rarKp p(1-m2

.
z becomes:

Therefore;
Ka(r—h)+ KB, (1—m)u KB, (1—m)(r—h)-
ra+ KB fo(1—m)? ' ra+ KB B (1—m

* X

(w)=(

. (Ka(r—h)wﬁl(l—m)y KB, (1—m) (r—h)—p
-

ra+Kp f,(1—m)? ' ra+Kp fp(1—m)?
(1-m)q’z"-h This is a coexistence equilibrium point in which
both predator é?fﬁ) prey exist, and it exists only if
4z’ -a(z)?’=§>0 and Z>0 where r>h and

)
0<m<i-
=m Ka(r—h)

Hence:

This represents a balanced ecosystem where prey
grow but are controlled by predation and
harvesting. On the other hand, predators survive
due to successful predation, but are limited by
natural death and intraspecific competition. This
equilibrium point is especially interesting
because it shows how both species can coexist
over the long term. The coexistence equilibrium
point gives an understanding of how ecosystems
maintain balance.

Linear stability analysis

The stability analysis of each equilibrium point is
performed by computing the Jacobian matrix of
system (4) and using the eigenvalues of the
Jacobian matrix to determine the stability
condition. By using equilibrium points of the
Jacobian matrix, the point is asymptotically stable
— B (1-m)g - if F%e al parts of the eigenvalues of each
! iaco ian ‘matriggsyre negative and unstable if

s - a(?Ter 1se

the system of equations:

Z‘i rq( ) —p1(1—m)gz—hgq,

“_5a 2
dt—ﬁz( m) qz—z—az".
To find the Jacobian matrix, let:

#g.2) = rg(1-7) ~pi(1-m)g

g (g, 2=p(1—m) gz— uz—az
The Jacobian matrix of (28) is calculated

using:
pr or
Dq oz
fig=h7 o7

lag 3z



Then, the Jacobian matrix becomes: predators will establish themselves in the system.
1 2%}') $,(-m)zh the her hand, if 4,<0 such that

ﬁz(l—m)z ﬂﬁé(t”) P }‘)gg ——)(?;Z then predators cannot
1nvade, they die off if introduced.

J(E)= "(

Now, to analyze the stability of equilibrium points, (i)
the Jacobian matrix is evaluated at each equilibrium
point as follows, _ (Ka(rfh)JrK,Gl(lfm);f Kﬁ’z(lfm)(rfh)ﬁur)
27N ret KB B(1—m)2 " rat KB fr(1—m)?
(i) £9=1(0,0)
Th i i 1 E,=1(0,0 . . . el
be:o]ri(ez?lan matrix evaluated at £o = (0,0) Jacobian matrix of the coexistence equilibrium
ho point E» takes the form:
Ja 2=/, b
IED=[: o
The eigenvalues of the Jacobian matrix
evaluated at the trivial equilibrium point
Ey=(0,0) are; Ay=r —h, A;=—u Where
Where, ;{2:—“ <0 is always negative A= [21{1?(:‘—]1)—{7, (m—1);f]+,t?1(m—1)[K,b’z(m—l)(r—h)—pr]+(r—hj(r(r+1(ﬁ]ﬂz(m—ljz)]
- ra+ KBy fo(in—1)%

because | is a positive constant and

Ay=r—h>0 gives r>h (which implies Where r—h >0(always positive) (since r>hfor prey

that growth rate of prey should be greater to exist) and (1—m)>0 (positive) (since 0<m<1),
than the harvesting rate ) in which prey therefore A < 0 with specific parameter values in
grows away from extinction, and hence Table 2.
£ (O0)is unstable. o [A(=m)(Ka(r—h)+Kp (1= m)yi)
i) £=(x(1-3).0) rat Ky fy (1—m)?
The Jacobian matrix evaluated at E;is given Since (1-m)>0 (positive)) B < 0 with specific
as: parameter values in Table 2.
_ Ao(l—m)[Ka(r—h)+Kp, (1—m) /]
(r-h)  —f(-m )K(l IR
J(E1)= ra+Kp, 5, (1—m)
Sigce (1-m)>0 (positive), C>0 with specific
0 AOA-mk/1-
pdrameter values in Table 2.
D Lo (1-n1) [ Ka(r-h) + K, (1-m) ] B il rat KB, fo(1-m)?) B 2al Ko (1-m) (rh)-pur]
- rat Kby i (1-m)? rat Kb fo(-m)? rat Ky By (1-m)?
irgenvalues of the Jacobian matrix [(£) Suppose the Jacobian matrix (30) has the
h
Ay=—(r=h), L= (A-mK| (1—;) —H following characteristic polynomial equation

Here, if 4y=—(r-h)<0 (r>h always, then
(r—h) is positive and hence A;<0)(negative),
this means that prey grow, but on the other
hand, if —(r—h)>0 means r<h violates
biological and ecosystem balance because
prey decline.

below:

— (A+ D)A+ (AD— BC) -

Then, the stability of equilibrium E;is stated by
Thus, ;<0 for prey to exist. using the trace and determinant criteria of the
Jacobian matrix (31) as follows:

Also A= ﬁ2(1—m)]((1—h) —u>0
! TiJ(E,)) = A+D

Here [i’z(l—m)]((l— },_]—) >y means the growth rate of Det(J(E,)) = AD —BC

the predator population (from feeding on prey) Since:

exceeds their natural death rate (), and predators can A<0,B<0 and C> 0 then the linear stability of
invade (a small number of predators introduced into a the coexistence equilibrium point E; is locally
prey-only environment can successfully grow in asymptotically stable if D<0 ( for all parameter
number and establish themselves in the system). The values in Table 2) which yields:

available prey not in refuge is sufficient to allow the THIE)) = A+D< 0

predator population to grow. This makes the
prey-only equilibrium point E; unstable, and Det(J(E))) = AD—BC> 0



The stability of the coexistence equilibrium point
(interior points) such that g >0 indicates that
there is a positive prey population at equilibrium,
while z >0, shows that the predator population
is positive at equilibrium. Small perturbations
( temporary changes in population sizes due to
environmental fluctuations) will not lead to
extinction, which implies that both species coexist
in the long run and neither of them will become
extinct.

The prey and predator populations stabilize at
constant positive levels, which reflects a balance
between prey growth and predation pressure.
Also ecosystem can sustain both species over
time under current environmental conditions and
parameter values.

Existence of periodic solution

To check whether the system (4) has periodic
solutions, the diffusion parts are excluded, and
then the system becomes an ordinary differential
equation as follows:

g:rq(l——) —p1(1—m)gz—hg,

(32)
%‘j:p’z(l—m)qz—yz—azz
Then, let: %‘:=f(q,2) and %=Q(Q»Z)
Where:
R D=rq(1-%)~p(1-m)gz-hg and

g(q 2) = fo(1—m) qz— yuz—az*
To check the existence of periodic solutions,
Bendixson’s Negative Criterion is applied to
check whether there is a change in sign (positive
or negative), and if so:

ar a
a_q:aq[ q(l——) —A(- m)qz—hq]
of
a—q—r(l—— —p(1—m)z—h.. ()
g _
3,32 [ﬁz(l m)qz—pz—az’]
dg
—ﬁz(l m) g—p—2az. (D)

Upon addlng (a) and (b) ylelds,

of 0@

oo |r (1—— ~Ai(=m)z=h| + (41— m) g p-2a],
af @

a—q+—g:(f—h y)+(ﬁ’z(1 m)——I) g+ (=p(1—m)—2a)z
Therefore;

4+ ZE=(r—h—p)+ (B (1—m) =) g+(—A(1-m)—2a)z (33)

Theorem 1.1 (Bendixson’s Negative Criterion)

If the divergence of the vector field, %‘Jr% does not

change sign and is not identically zero in a simply
connected region of the phase plane, then the system
has no closed orbits (periodic solutions) in that region.
According to Bendixson’s Negative Criterion,

stated in the Theorem 1.1 above, equation (33) is
9fg.2) dg(c;'Z)
—_+ =

dg
sign with the parameter Values in the Table 2,
therefore; using the baseline parameter values in

Table 2, the system (33) yields

not zero, such #0 and it changes

a—f 5 % £=0.5-15q—0.7z which implies

that equation
(33) changes sign and not zero, therefore, by
Bendixson’s Negative Criterion, it is inconclusive.

Non-dimensionalization of the model
In this section, the dimensional model equations
were transformed into dimensionless form for
further analysis. Here, the physical units were
eliminated, and the number of parameters was
reduced by introducing the dimensionless
variables. To analyze the spatiotemporal
dynamics of the predator-prey system with prey
refuge, harvesting, intraspecific competition, and
diffusion, the model was non-dimensionalized to
reduce complexity. This allowed to study the
spatial population distribution of both species
and Turing pattern formation, such as spots and
stripes, under varying ecological conditions using
fewer and more interpretable parameters.
Considering the model equations (4) as given
below
@
(S7= rg(1-7) £ (1-m)g
dz
) E‘—ﬁz(l—m)qz—pz—ac
dg(Xo 04X
v~ dv
g(X0) = (0= 0, X,

Now, to transform this model, let

non-dimensional variables be:

qg= %z Prey scaled by carrying capacity.
UL L
z=="" Predator scaled by 7

£ =rt: Time scaled by prey growth rate.

"=, Z=7 Space scaled by domain size.

L’

Now, each derivative and terms are
expressed in terms of starred variables as
follows:

For q: q*:iaq:q*l(
Then, by applying the chain rule, this results

c'iq 6(q l(j

at ot

6q* dq*
at* dt'




*

dg

then e

But £ =n
So;

=T

*

Bq dqg
ar T arf

Similarly
for z:

* z r =
7=ty
r B

Then;
9z r*oz
at por
The Laplacian operator transforms as:
, 9% 9 9? 9?
V _ﬁ-'-ﬁ_ﬁ(w'—*z-l_ﬁ)

Then:

(36)

2_1 g*2
v *sz .

Diffusion parts are transformed as follows;

For g:
DNV?q=DNV*(Kq)=D K — v*zq.
Then:
KD,
q —* *
DN g=— 7z Vg,
For z:
2 2(Ly Lo lyey
DN?7=DV (ﬁlz) D55V
Then:
rD
2, _ 1Pz g
Dy Z—ﬁle z (38)

From the prey equation, such that,

9q _
Whereby each term in (39) is now expressed

in starred form as follows:

dg_ g
ac Moar

rq (i %):r(;(q* )i—q )=rkq (i—q )

* ro. ok
Bu(1-m)gz=F(1-m)(Kq ) (5 2 ) =r(1-m)Kq 2

hg=hKqg (34)
KD
2 Waag «
qu q= ? v
Now, each term is substituted into equation (39),
which then yields;

/(—_rf(q (1—¢ )-r(\—m)Kq 7 —hKq' += ‘fv*2 " (40)

Upon dividing (40) by A7 on both sides, the
r(eﬁsx)lt is:

6 h * *
aﬂ] =g (1-q)-(1- m)qz——q+ V2 (41)
Now, define the followig:

h D,

N=—, Di=—=.
= A=
Then (41) becomes;

*

q * * *  * * * *
—7 =4 (1-q)-(-m)qg' z —rig +D,)V?q (42)

From the predator equation
dz )
E_:ﬁz(l—m)qz—ﬂz—azz+DZV z (43)

Similarly, upon substituting each starred term
such that;

2 AP

at B af

p(-mgi= -m(Ke) (77 ) =2 1-mg
pz= ‘HEZ

= algs [ =%

DVz= ﬁ:iz vz,

at (1_ _) (1—m) gz—inge gyuation( 4%3(glves

oz pkr . ar o, r, 2 02 (44)
—— = ——z——z zZ.
P ot A £ 5 B2

Multiplying (44) by 2
BZ* _BK M ar 72 D,

By deflmng the following terms:

both sides gives;

(45)



Ly D
M= = =g D=
Then (45) becomes;
aZ’ * ¥ * *2 *Q ¥
ﬁ:al(l—m)qz—azz—agz +D,V ez, (46)

Now, combining (42) and (46) gives final
dimensionless model equations with stars as
follows.

*

6(]7

After dropping stars, the final dimensionless
model equations become:

(9q(xt)

0z(x,t)
at

av

Whereby:
h D 5K y7i ar D
T = — = —q = —_— = — = —_— = —Z
n r’ Dy riz’ @ i) r 2 r 3 51’ D, ri?’

The system (48) admits three biological
equilibrium points in the absence of diffusion:

1. Trivial equilibrium:

=a(1-m)gz—a,z ab
=a (- T A i Ay

Eqy=(0,0)

Represents the total extinction of both
species. Linear stability analysis shows that
Eois unstable whenr; < 1, meaning prey
can grow from arbitrarily low densities if
harvesting is not excessive.

2. Prey-only equilibrium:
Ei=(1—n, 0), exists if <1
This is an wunstable equilibrium point and

describes a situation where predators can not
sustain themselves and go extinct.

* N1 * x * *) *
ar =¢(1-¢)-a m)gfoeﬂsqeﬁclzlgquﬁibrium:

0z - S a(Azmtas(1-r) (I-m(A-n)a—a,
ﬁ—al(l—m)qz b a(1=m?+a; ' a,(1—m)+a,
dg 9z
v av

g (x5 .0)=q(x' =07 (x'pis-itapd pilyiif (1-m)(1—r1)a>a,

This condition ensures that predation is strong
enough to support predator populations despite
refuge effects and harvesting. Linear stability
analysis of the corresponding ordinary
differential equation (ODE) system as revealed
earlier that the coexistence equilibrium E> is
locally asymptotically stable under biologically
realistic parameters. Thus, in a well-mixed
(homogeneous) environment, small perturbations
around E; decay over time, leading the system
back to uniform coexistence.
However, introducing spatial diffusion
ntall a&ters this behavior. Even when E;

fund
ar q(1-g)—(1—m) 974 ‘ﬁ:‘ﬁg % Yhe ’ta%génce of diffusion, it may

come ,unstable if diffusion rates are unequal,

exert long-range suppression through rapid
diffusion.

The parameter values used were dimensionless
derived from ecological literature and they were
chosen to illustrate the qualitative dynamical
behavior of system (48), as summarized in Table 2
below.

(47)

aﬁllgﬁYaﬁy i‘//v%%ff %Q"’edators diffuse faster than (48)
dg(xt) dxAxt) pre > Dj). This phenomenon, known as

diffusion-driven or Turing instability, arises
g(x0) = qo(x) 20, z(x0becaube) Preyx €rfhance locally while predators



Table 2

Parameter values for the model system (48)

Parameter Value Source

m 0<m<1 Standard range for refuge

r 0.5 (Kar et al., 2010)

D1 0.1 (Hau et al., 2019)

D> 0.2 (Hau et al., 2019)

ai 0.1 (Sharmila et al., 2023)

a 0.02 (Renji et al., 2021)

as 0.3 (Sharmila et al., 2023)
Numerical simulations were performed using Results

baseline parameters from different literature with a
series of plots to illustrate the emergent spatial
patterns over time. By slightly perturbing the initial
uniform state near the coexistence equilibrium Ej,
diverse population distributions were observed,
such as isolated high-density prey regions, yellow
periodic bands of high and blue low density,
together with intricate interconnected patches.
These  distributions  arise = purely  from
diffusion-driven instabilities and reflect the
self-organizing capacity of the ecosystem.
Subsequent simulation plots also explored how
variations in D, and m shift the system between
different pattern types. This revealed transitions
from stable coexistence to fragmented spatial
distributions. The simulation plots to validate
analytical data were carried out using parameter
values from Table 2, together with total time steps
that run from T = 500 to T = 10000, where spatial
patterns depict well-defined predator and prey
zones as T increases. Domain size L, = L, = 100,
together with grid size N.xN, = 128x128. To ensure
the system maintains its biological realism, the
random perturbation of &€ = 0.1 was chosen to
ensure no uniform population distributions as the
system evolves.

Analytical studies analyzed in the previous
section are not complete until the numerical
simulations are carried out. In this section,
different numerical analyses were done to
validate the analytical solutions presented in the
previous section.

Initially, populations begin to deviate from their
initial near-uniform distribution with small
perturbations, which start to grow due to
diffusion-driven instability. The prey exhibits the
formation of incipient high-density regions, while
the predator density begins to reorganize in
response, showing signs of aggregation in certain
areas with prey and depletion in others. As time
progresses, these transient structures gradually
sharpen into well-defined and attain stable
configurations.

Figure 1, with t = 50, displays uniformly
distributed prey in hotspots surrounded by
low-density zones and predators cluster in
spatially correlated patches reflecting a balance
between consumption, reproduction,
competition, and dispersal. This progression
illustrates how local species interactions
combined with differential movement can
generate complex spatial heterogeneity, even in a
homogeneous environment.



Figure 1

Spatiotemporal Distribution of Predator and Prey with D1= 0.1 and D>= 0.2 and t = 50.
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Figure 1 reveals the progressive development of
spatial distribution in a predator-prey system
driven by reaction-diffusion dynamics. Initially,
prey distribution in the left plot begins to break
symmetry from its initial uniform state, with
some variations emerging across the domain.
Regions highlighted in yellow and orange
indicate aggregations of prey, with localized
hotspots, while shades of blue reflect areas of
lower density where depletion and dispersal
dominate. The variation in prey densities arises
due to different diffusion rates, where predators
move faster than prey (D2> D1), destabilizing the
homogeneous coexistence equilibrium E>. The
predator population responds dynamically to the
changes in prey distribution, where intense
yellow regions reveal clusters of predators in
proximity to prey aggregations, whereas deep

blue zones denote the absence of predators. Over
time, these transient fluctuations evolve into
well-defined and stable spot patterns. Predators
aggregate into corresponding clusters, aligning
partially with prey hotspots but exhibiting
internal competition that limits
overaccumulation. These outcomes are shaped by
biologically meaningful parameters such as
diffusion rate D; = 0.1 and D, = 0.2, moderate
harvesting pressure (r1 = 0.5), partial refuge rate
(m = 0.5), efficient predation (a1 = 0.1), low
predator mortality (a2 = 0.02), and strong
intraspecific competition (a3 = 0.3). Homogeneous
Neumann boundary conditions ensure no
artificial flux at domain edges that tends to
preserve mass and model a closed ecosystem,
such as a protected reserve.



Figure 2

Spatiotemporal Distribution of Predator and Prey with D1= 0.2 and D>= 0.5 and t = 100.
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The slight change in D; and D> reveals the
progressive emergence of spatial distribution, in
which the left plot in Figure 2 shows how fast the
prey responds to changes in the predators’
diffusion rate. Prey are seen in isolated patches,
avoiding high predation together with some prey
in refuge, resulting from a moderate refuge rate
of m = 0.5, which makes it difficult for predators
to access them. The left plot in figure 2 with (t =
100), prey distribution showed some faint
patchiness with yellow-orange hues indicating
prey aggregations, while blue-green regions of
lower density, reflecting initial responses to
predation pressure under moderate harvesting (71
= 0.5). Concurrently, in the right plot, predators
exhibit scattered high-density clusters in yellow
tones, slightly out of phase with prey peaks,
indicating their fast dispersal under (D> = 0.2)
and active foraging behavior. As time progresses,
these patterns sharpen significantly, in which
prey form more defined high-density zones of
concentrated orange cores, while predator

clusters become tighter and better aligned,
highlighting enhanced spatial zones along prey
species. The system settles into a stable
configuration of well separated spot patterns,
prey organize into isolated hotspots surrounded
by low density backgrounds, visualized through
strong contrast between central yellow regions
and peripheral blue areas, while predators
aggregate into corresponding dense patches,
maintaining  coexistence through balanced
predation efficiency (a1 = 0.1), low mortality (a2=
0.02), strong intraspecific competition (a3 = 0.3)
and slight increase in diffusion from D1= 0.1, D>=
0.2 to D2 = 0.5. When diffusion rates increased
to D1=0.2 and D> = 0.5, the system evolved faster,
and at ¢+ = 500, it reaches homogeneous state
where  prey  stabilize  tightly  around
[0.492095 — 0.49212] and predators fluctuate
narrowly, suggesting a stable distribution
maintained by ecological balance and there were
no further changes in prey and predator
distributions.



Figure 3

Spatiotemporal Distribution of Predator and Prey with D1= 0.2 and D> = 0.5 and t = 500.
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Turing pattern formation

Turing pattern formation is a fundamental
mechanism in spatial ecology that explains how
uniform, homogeneous states can break
symmetry to form stable, complex spatial
structures such as spots and stripes. This
phenomenon arises in reaction-diffusion systems
where interacting species diffuse at different rates
across space. In this model, Turing patterns
emerge when predators diffuse significantly
faster than prey (D2> D1), destabilizing the stable
coexistence equilibrium Es.

Although deriving explicit analytical thresholds
for Turing instability is mathematically
intractable in the current PDE model due to the
nonlinear dependence of equilibrium densities on
refuge (m), harvesting(r;) and competition (a3)
parameters, the numerical simulations robustly
demonstrate that diffusion-driven pattern
formation occurs consistently when 22,>D; .This
empirical finding aligns with both classical
Turing theory which requires differential
diffusion rates and recent ecological modeling
studies (Wang et al., 2011; Liu et al., 2019; Han et
al., 2021). The systematic emergence of spots and
stripes under /[,>/); combined with ODE
stability at & ((Tr(/)<0, Det(j/)>0) provides
strong numerical evidence that the condition
D,>D;  acts as  predictor of  spatial
self-organization on this harvested predator-prey
system with prey refuge and intraspecific
competition .

The process begins with both populations
distributed nearly uniformly across the domain,
initialized close to their equilibrium densities. As
shown in Figure 4 panels (a—f), even small
random perturbations introduced can break
perfect symmetry and lead to instability. These
initial fluctuations are minor, but they trigger a
local increase in prey density that finally attracts
fast-moving predators, which migrate into these
blues with prey regions from surrounding areas.
However, this predation suppresses prey growth
locally while simultaneously depleting the
predator population due to intraspecific
competition and mortality.

Over time, these interactions lead to the
self-organized formation of distinct high and low
density regions. By ¢ = 500 , the system exhibits
early stage patterns for moderate refuge rate (m =
0.5) in Figure 4 (a) while advancing to more
defined patterns in panels (c, d) with high refuge
rate of m = 0.7 and m = 0.9 respectively, all under
low predator diffusion of (D= 0.1). In Figure 4,
panels (b, d, f), well-defined structures start
appearing as D> increases to 0.5 here, larger and
more defined patches emerge. At higher refuge
levels (m = 0.7, 0.9), the patterns become
increasingly intricate and fragmented, reflecting
the interplay between reduced predation
pressure and enhanced dispersal.



Figure 4

Turing Patterns Showing Predators Distribution in Yellow Zones and Prey Distribution in Blue Zones at t =500.
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Furthermore; when ¢t = 1000 in Figure 5, the
patterns matured into well-defined and stable
configurations with no further changes. Panel (a)
and (b) show spotted structures in Figure 5, while
panel (c) to (f) demonstrate how very high
diffusion (D2= 0.9) together with high refuge rate
can homogenize the field by forming clear yellow
zones of predator while prey being protected in

the blue zones. These results visually confirm
that pattern morphology is critically sensitive to
the balance between prey refuge and predator
mobility, offering an understanding of how
ecological mechanisms shape biodiversity and
resilience in spatially extended habitats.



Figure 5

Turing Patterns Showing Predators Distribution in Yellow Zones and Prey Distribution in Blue Zones at t =500
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Discussion

Comparison and quantitative interpretation of
numerical Simulations.

This study extended the non-spatial predator-prey
model of Mapunda and Sagamiko (2021) by
incorporating spatial diffusion, thereby enabling the
analysis of spatiotemporal pattern formation in a
harvested system with prey refuge and intraspecific
competition among  predators. The  results
demonstrated that the interplay between refuge rate
(m), harvesting intensity (ry), and differential
diffusion coefficients (D; and ;) critically governs
both local stability and large-scale spatial
organization.

Analytically, the coexistence equilibrium £; is locally
asymptotically stable in the absence of diffusion when
(1= m)(1— r)a, > a; confirming that sufficient prey
availability regulated by refuge and harvesting is
necessary to sustain predator populations. However,
while Mapunda and Sagamiko (2021) identified the
refuge level m as the primary bifurcation parameter
showing that predator extinction occurs when
m>0.78 due to insufficient prey accessibility, the

spatial framework developed in this study reveals that
even at moderate refuge levels (m=0.5), spatial
heterogeneity can emerge through Turing instability
when ;> D,. The results indicate that high refuge
(m=0.9) does not necessarily lead to predator
extinction in spatial settings, as observed in the
non-spatial model, instead, it suppresses pattern
formation and  promotes  near-homogeneous
coexistence, especially when combined with high
predator diffusion (2, =0.9). This suggests that
spatial mobility can reduce destabilizing effects of
excessive refuge a phenomenon which is invisible in
ODE-based system.

Numerical simulations confirmed that small random
perturbations around E: grow into self-organized
spot patterns by £= 1000 under baseline parameters
(m=05 rn=052/0=01,0,=02 Figure 4).
Increasing D: accelerated pattern formation with
well-defined spots emerge as early as £= 100 when
D, =05 (Figure 2), whereas very high diffusion
(£, =0.9 with D, =0.3) led to rapid homogenization
by t=500 (Figure 3). At moderate refuge (m=0.5),
predation pressure drives clear spatial segregation
(Figures 1 and 4), but at higher refuge levels (m=10.7



and m=0.9), reduced predation weakened feedback
mechanisms necessary for pronounced patterning.
Notably, when m=09 and 72,=09, the system
approached a near-homogeneous state by ¢= 1000
(Figure 5 panel f), indicating that high refuge reduces
spatial destabilization even under fast predator
diffusion. Thus, while the non-spatial model of
Mapunda and Sagamiko emphasizes demographic
thresholds for extinction, the spatial model presented
in this study uncovered how diffusion and refuge
jointly regulate not only persistence but also the
spatial coexistence highlighting that ecosystem
resilience in real landscapes depends on both local
interactions and spatial redistribution processes.

Figures (1-5) visualized the spatiotemporal dynamics
described above, with parameter values from Table 2.

Figure 1 with (0;=0.1, £,=0.2, t=50) showed initial

pattern emergence, where prey form incipient

hotspots (g,,., = 0.52) and predators aggregate into

scattered clusters ( Zpax =011 ). Figure 2

( 04=0.2, ,=05, t=100) demonstrated accelerated

segregation under higher diffusion ratio (%?:2.5),

with  prey amplitude A4,~0.18 and predator

amplitude A4,=~0.06 . Figure 3 (t= 500) confirms

pattern stabilization, with densities converging to

g €/0.492095,0.492120) and z€/0.0946,0.0948) .

Figures 4-5 which systematically vary refuge (

m=05,0.7,09 ) and predator (2,=0.1,0.5,09) ,
revealed that the moderate refuge ( m =0.5) optimizes
heterogeneity (4,~0.156) , while ( m=0. 9)
suppresses patterns (4, ~0.0.034), particularly when

combined with fast diffusion (/2,=0.9). These

visualization quantitatively confirm that differential

mobility (D,>D;) drives Turing instability, refuge

modulates pattern intensity.
Conclusion

In this work, spatiotemporal predator-prey model
characterized by a system of differential equations
(PDEs) incorporating reaction and diffusion was
studied. The extensive numerical analysis was
done  successfully to validate analytical
investigation. It was observed that, pattern
generation is affected by varying parameters such
as prey refuge (m) and diffusion coefficients (D1,
D,). The outcomes included the creation of
intricate spatiotemporal patterns and finally it was



observed that at high refuge rate m = 0.9 and
predator diffusion rate above D> = 0.9, the system
displayed stable Turing patterns. The spatial
complexity attained in reaction-diffusion systems
included spots and stripes structures that emerge
due to diffusion-driven instability. Through
simulations using the IMEX Euler method, we
demonstrated the transition from uniform
coexistence to self-organized spatial heterogeneity
when predators diffuse faster than prey (D2> D»),
confirming the occurrence of Turing instability
near the coexistence equilibrium E».

The investigation of spatiotemporal
predator-prey model provided important
understanding of the spatial organization and
stability of ecological systems. In particular, the
study revealed that increasing predator diffusion
enhances spatial aggregation while decreasing
the refuge level intensifies predation pressure
and accelerates pattern formation.

Thus, these discoveries have practical applications
in sectors such as conservation biology, pest control,
and biodiversity protection. Therefore, studying
spatial distributions and Turing patterns in
spatiotemporal predator-prey models is an
important area of study in ecological system.
Further research into the mechanics and
consequences of Turing patterns in predator-prey
dynamics will surely contribute to a better
understanding of the complex interplay between
species interactions and geographical variability.

Recommendations

Based on the findings of this study, conservation and
ecosystem management strategies should prioritize
the regulation of prey refuge levels and account for
species-specific diffusion rates to promote stable and
spatially structured coexistence. Simulation results
demonstrated that moderate refuge levels m = 0.5
facilitates the emergence of well-defined Turing
patterns such as spots and stripes by maintaining
sufficient predation pressure while protecting a
portion of the prey population. These self-organized
spatial heterogeneity enhance ecological resilience by
preventing population collapse and supporting
biodiversity. In contrast, high refuge levels such as m
= (0.9 suppresses spatial patterning and drive the
system toward homogeneity, particularly when
combined with high predator diffusion (D. = 0.9),
potentially reducing habitat complexity and adaptive
capacity. Furthermore, pattern formation consistently
occurs only when predators diffuse faster than prey
(D: > D1 ), confirming that differential mobility is a
key driver of spatial organization. Therefore,
protected area design, corridor planning and habitat
restoration efforts should incorporate both refuge
provision and movement dynamics ensuring that

predator and prey dispersal traits are considered
alongside shelter availability. Such an integrated
approach will support the long-term persistence of
harvested predator-prey systems in spatially
heterogeneous environments.
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